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An EM Approach to Multiple-Access Interference
Mitigation in Asynchronous Slow FHSS Systems
Xing Tan and John M. Shea

Abstract—In this paper, we apply the EM algorithm for
mitigation of multi-access interference (MAI) in asynchronous
slow frequency-hop spread spectrum (FHSS) systems that employ
binary frequency-shift keying (BFSK) modulation. MAI occurs
if the hopping patterns of the users are not orthogonal. We show
that when FSK signals arrive asynchronously, the time offset
exposes portions of the desired and interfering signals in a way
that can be exploited to improve the decoder performance. We
develop an iterative detection, estimation, and decoding scheme to
recover the desired signal in the presence of MAI. We compare
the performance of this algorithm with that of a conventional
noncoherent BFSK transceiver and show that the EM-based
algorithm is particularly effective in the presence of strong
interfering signals and allows more users in an FHSS system.
Index Terms—Multiple-access interference mitigation, frequency hop communication, iterative detection and estimation,
expectation-maximization algorithm, multiuser detection.
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I. I NTRODUCTION

REQUENCY-HOPPING spread spectrum is used to provide robustness to multiple-access interference (MAI) and
jamming. In slow frequency-hopping spread-spectrum (FHSS)
communication systems, each packet is divided into different segments, which are transmitted over different frequency
bands according to a pseudorandom hopping pattern. If the
hopping patterns of different transmitters are not orthogonal,
then packets from different transmitters may collide (called a
“hit”) when they occupy the same frequency band. This MAI
severely limits the multiple-access capacity of the system.
In contrast with multiple-access mitigation and multiuser
detection (MUD) for direct-sequence spread spectrum systems
(cf. [1]), MAI mitigation in FHSS is not as well studied.
Most previous work focuses on fast FHSS communication,
in which each symbol is transmitted at multiple frequencies
[2]–[7]. These previous papers focus on suboptimal MUD
techniques. For the slow frequency-hopping case, joint detection techniques have been considered for MAI in [8], [9] and
for adjacent channel interference in systems with orthogonal
hopping patterns in [10]. In all of this previous work, it
is assumed that the receiver can simultaneously demodulate
the signals at all carrier frequencies, thus requiring a very
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wideband receiver. Furthermore, it is assumed that the receiver
knows the hopping patterns and timing of all of the users
in all of these works. In [2]–[5], [7] it is assumed that the
symbols are time synchronized at the receiver, and in [6] the
powers of the received users are assumed known. These many
assumptions make this previous work most appropriate for use
at the base station of a cellular system.
Frequency-hopping spread spectrum is also used in ad hoc
networks, such as in the military SINCGARS [11] and Have
Quick systems. For such systems, the frequency hopping is
asynchronous and the complexity of MUD schemes, such as
those described in [2]–[10], prohibits their use. Most of the
work on improving the performance of frequency hopping
systems in ad hoc networks has focused on the mitigation
of interference by erasing symbols involved in a hit [12]–[14]
or by using an appropriate log-likelihood ratio for symbols
involved in a hit [15].
Recently, iterative techniques have been applied to solve
several difficult problems in systems with partial-time interference. In [16], a group of receivers uses iterative, collaborative
signal processing to detect and excise a jamming signal.
In [17], the expectation-maximization (EM) algorithm [18],
[19] is applied to the problem of joint data detection and
channel estimation in the presence of partial-time interference.
In this paper, we apply an EM-based algorithm for channel
estimation and signal detection in the presence of MAI. Our
algorithm takes advantage of the way that the desired and
interfering signals are partially exposed when frequency-shift
keying modulation is used and the symbols from different
transmitters arrive asynchronously at a receiver. We note
that the ability to discern desired symbols in the presence
of asynchronous interference was noted in [20], and in [8]
the authors note that the arrival time of each signal is an
identifying parameter for asynchronous signals. The EM-based
algorithm results in an iterative approach including three
processes: channel estimation, soft demodulation, and soft
decoding. Information is exchanged among the three processes
to refine the decision. The EM algorithm is sensitive to initial
conditions, so we consider the design of the initial estimators
and the structure of the transmission in a dwell interval to
enable better initial estimates.
This paper is organized as follows. The system model is
presented in Section II. We propose a channel estimator based
on the EM algorithm in Section III. We introduce the soft
demodulator and the decoder in Section IV. In Section V, the
performance of the EM algorithm is compared with that of
the conventional noncoherent demodulator. Conclusions are
drawn in Section VI.
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II. S YSTEM M ODEL
The system model considered in this paper is illustrated in
Fig. 1. The block labeled “EM-based Interference Mitigation”
is designed in this paper and is the topic of Sections III and IV.
In this section we describe the remaining blocks, which make
up the transmitter, channel, and front-end processing in the
receiver.
We consider a FHSS system with multiple users that transmit simultaneously. Each user’s transmitter is identical with
the exception of the frequency-hopping pattern. The bits at the
output of the channel encoder are interleaved and packed into
a frame, which we assume is of a fixed length. The symbols in
the frame are divided among D dwell intervals of equal length
ND . Each symbol in the frame is modulated using orthogonal
BFSK with modulation frequencies (tones) f0 and f1 . Thus the
low-pass equivalent √
expressions for the signals that
√ are sent for
0 and 1 are s0 (t) = Es e2πf0 t+φ , and s1 (t) = Es e2πf1 t+φ ,
respectively. Here we assume that the two modulation tones
share the same carrier phase φ, but our work can be easily
extended to systems in which the carrier phases differ among
the two modulation tones.
The BFSK symbols are modulated onto a carrier according
to the slow frequency-hopping scheme. The channel is divided
into F frequency bands. A pseudo-random hopping sequence
is used to choose a carrier frequency for each dwell interval,
and all of the symbols in a dwell interval are transmitted at
the same carrier frequency. The sequences at different users
are not necessarily orthogonal, so MAI occurs when two or
more users transmit at the same carrier frequency at the same
time. The received signals arrive at the receiver with random
amplitudes and phases. We consider two different models
for the received amplitudes. For the nonfading channel, the
amplitude is constant over the entire frame. We consider a
frequency-selective Rayleigh fading channel, which we model
as a block fading channel with constant amplitude and phase
over each dwell interval but independent amplitudes and
phases between dwell intervals.
We propose an algorithm to mitigate interference for at

most one strong interferer in each dwell interval. Our approach
takes advantage of the special structure that is present when
there is one asynchronous interfering signal, as described
in Sections III and IV-A. If there is more than one strong
interferer, detection may be very difficult under any approach
except MUD, for which the complexity quickly grows with the
number of users involved in the hit [8]. The approach that we
consider in no way prohibits the reception of frames that have
dwell intervals hit by more than one interferer; we present
results in Section V to show that our algorithm still improves
performance for frames that have dwell intervals that are hit
my more than one interferer. However, the performance gain
from using our approach will decrease when dwell intervals
are hit by more than one interferer, and the error-control code
must then be relied on to provide robustness to the MAI. If we
consider a dwell interval that is hit by interference from one
other user, we can have one of the three scenarios illustrated
in Fig. 2. It could be hit from the left, as in Fig. 2(a); the
right, as in Fig. 2(b); or both, as shown in Fig. 2(c).
The receive signal is de-hopped and passed into a bank of
inphase and quadrature matched filters at frequencies f0 and
f1 . We assume that the receiver can acquire perfect timing
for the desired signal, but the timing information for any
interfering symbols in a dwell must be estimated. Consider
the demodulator outputs for a symbol in the presence of
one interfering signal for which the symbol boundaries are
τ seconds delayed with respect to the symbol boundaries of
the desired signal. Let T denote the symbol duration, and
0 ≤ τ < T . Again using the complex baseband representation,
the decision statistics at the output of the matched filters are
yk0

= a1 (1 − xk )ejφ1 + a2 gk (τ )ejφ2 + n0 , and

yk1

= a1 xk ejφ1 + a2 hk (τ )ejφ2 + n1 ,

where xk is the kth transmitted information bit; a1 and a2
are the amplitude of the desired symbols and the interfering
symbols, respectively; φ1 and φ2 are the random phases
of the desired and interfering symbols, respectively; and n0
and n1 are zero-mean complex Gaussian random variables
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Here y and I are vectors of the received and interfering
symbols, respectively; and x is a vector of the transmitted
symbols for the desired user. Consider the nth iteration, and
for convenience let θ = θ(n−1) . Since x and I are assumed
independent of θ, the second and third terms will not affect
the maximization and thus can be dropped.
Baum’s auxiliary function can be further simplified as
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Fig. 2. Three types of collisions in one dwell interval with a single interferer.
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yk0 − A1 (1 − xk ) − A2 gk (τ )
2σ 2
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with variance N0 /Es , where Es is the symbol energy. The
functions gk (τ ) and hk (τ ) represent the contributions from
any interfering symbols and are defined as

τ
τ
δ(Ik−1 ) + 1 −
δ(Ik ), and
gk (τ ) =
T
T

τ
τ
δ(Ik−1 − 1) + 1 −
δ(Ik − 1),
hk (τ ) =
T
T
where Ik−1 and Ik are the values of two consecutive interference symbols, and Ik = −1 if no interference is present.
In order to simplify the exposition of our joint detection and estimation problem, define the channel parameter θ = (a1 , a2 , φ1 , φ2 , τ ). If we define y =
0
1
, yN
}, x = {x1 , x2 , . . . , xN } and I =
{y10 , y11 , y20 , y21 , . . . , yN
{I0 , I1 , . . . , IN }, the probability likelihood function of y given
x, I and θ is,
2
0
1
1
p(yk0 , yk1 |x, I, θ) = 2 4 e− 2σ2 |yk −A1 (1−xk )−A2 gk (τ )|
4π σ
2
1
1
× e− 2σ2 |yk −A1 xk −A2 hk (τ )| . (1)
where A1 = a1 ejφ1 and A2 = a2 ejφ2 . Directly estimating x
and θ using (1) is extremely computationally complex, so in
Sections III and IV, we apply the EM algorithm to simplify
this estimation problem.
III. E STIMATION A LGORITHM
A. EM Algorithm
In this section, we apply the EM algorithm to estimate
the channel parameter θ. Here, we treat the values of the
transmitted symbols for the desired user and the interfering
symbols as the missing information in the EM algorithm. The
EM algorithm updates the estimate from the equation
θ(n) = arg max Q(θ, θ(n−1) ),
θ

(2)

where Q(θ, θ ) is Baum’s auxiliary function, given by


Q(θ, θ ) = E log p(y, x, I|θ)|y, θ




= E log p(y|x, I, θ)|y, θ + E log p(x|θ)|y, θ


+ E log p(I|θ)|y, θ .

+ yk1 − A1 xk − A2 hk (τ )

2

×p(xk |y, θ )p(Ik−1 , Ik |y, θ ) , (3)
where C1 and C2 are constants that are independent of θ. The
approximation comes from treating the desired user’s symbols
as independent at different times and the interfering symbols
as independently affecting each symbol from the desired user.
These approximations are necessary to reduce the complexity
of computing (2).
We want to find the channel parameter θ that maximizes
∂
∂
+ j ∂v
, where x = u + jv.
(3). Define an operator ∇x = ∂u
The optimal value of θ can be found by solving the following
equations,
∇A1 Q(θ, θ ) = 0,
∇A2 Q(θ, θ ) = 0,
∂
Q(θ, θ ) = 0.
∂τ

(4)
(5)
(6)

By solving (4) and (5), we have the following set of linear
equations
p1 A1 + p2 A2 = p3 , and
q1 A1 + q2 A2 = q3 ,
where
p1
p2

= ND
  
=
[(1 − xk )gk (τ ) + xk hk (τ )]
k

p3

xk Ik−1 Ik

×p(xk |y, θ )p(Ik−1 , Ik |y, θ )


(1 − xk )yk0 + xk yk1 p(xk |y, θ ),
=
k

xk

(7)

4
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q2
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gk (τ )2 + hk (τ )2 p(Ik−1 , Ik |y, θ )
=

q3

  

gk (τ )yk0 + hk (τ )yk1 p(Ik−1 , Ik |y, θ ).
=
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where r1 , r2 , r3 are all real numbers and defined as follows,

r1 =
|A2 |2 [(δ(Ik−1 ) − δ(Ik ))2 + (δ(Ik−1 − 1)
k Ik−1 Ik

  
k Ik−1 Ik

Punctured symbols
Fig. 3. Symbols are punctured using a pseudo-random pattern in each dwell
interval to estimate the channel parameters of any interfering signal.

(i)

Here p1 , p2 , q1 , and q2 are real numbers, but p3 and q3 take
complex values.
From (6) we have
τ 
r1
= r2 − r3 ,
(8)
T

r2 =

Null symbols

xk Ik−1 Ik

+ δ(Ik − 1))2 ]p(Ik−1 , Ik |y, θ )

xk

[Re{A2 (δ(Ik−1 ) − δ(Ik ))(yk0∗ − A∗1 (1 − xk ))}

+ Re{A2 (δ(Ik−1 − 1) − δ(Ik − 1))(yk1∗ − A∗1 xk )}]
× p(xk |y, θ )p(Ik−1 , Ik |y, θ  )

r3 =
|A2 |2 [(δ(Ik−1 ) − δ(Ik ))(δ(Ik ))
k Ik−1 Ik

+ (δ(Ik−1 − 1) + δ(Ik − 1))(δ(Ik − 1))]
× p(Ik−1 , Ik |y, θ ) .
It is difficult solve (7) and (8) simultaneously; however, we
can solve for A1 , A2 , τ by solving (7) and (8) iteratively.
To solve (7) and (8), we need the a posteriori probabilities p(xk |y, θ  ) and p(Ik−1 , Ik |y, θ  ). Given the channel
parameter θ , we show in Section IV that these a posteriori
probabilities can be determined from two BCJR algorithms,
which we call the soft demodulator and soft decoder. However,
in the first iteration, the channel estimate from solving (7) and
(8) will not be accurate if p(xk |y, θ ) and p(Ik−1 , Ik |y, θ )
are not available. Thus, in the first iteration, we apply a
separate channel estimate to start the soft demodulation and
soft decoding processes.
B. Initial Estimation
To simplify the estimation process, we eliminate the need
to estimate the phase φ1 of the desired signal by using noncoherent demodulation, as described in Section IV. However,
the values of a1 , a2 , φ2 , and τ still have to be estimated for
each dwell interval. The timing information can be used to
accurately distinguish the desired signal from the interfering
signal only if τ is not close to 0 or T . So, for the initial
estimate, we let τ = 0.5T . The initial estimate for a1 for the

ith dwell interval is denoted a1 and is found by averaging
all the symbols in a dwell interval,
(i)

|a1 | =

ND
1 
(y0k + y1k ) .
ND
k=1

For the nonfading additive white Gaussian noise (AWGN)
channel, we use a single estimate of a1 that is generated by
(i)
ordering all the estimates a1 and averaging over the middle
40% to reduce the impact of dwell intervals that are corrupted
by jamming.
To assist in the estimation of the amplitude and phase of
the interfering symbols, we insert M null symbols at the
beginning and the end of each dwell interval. During the null
symbols, the transmitter remains silent so that the receiver
can evaluate the amplitude and phase of the interference, if
there is any. However, the desired and interfering frames are
occasionally received almost simultaneously at the receiver,
and in this case, the receiver cannot accurately sense any
interference during the null symbols at the beginning and the
end of the dwell interval. To solve this problem, we puncture
R symbols in each dwell interval (R << ND ) according to
a pseudo-random pattern, and the transmitter sends nothing
(nulls) during the punctured symbols, as shown in Fig. 3. This
enables a more accurate estimate of the interfering channel,
even if the interfering signal’s dwell interval aligns with that
of the desired signal.
We generate three estimates of a2 and φ2 using the null
symbols at the beginning and end of the dwell interval as
(i)
well as the punctured symbols in the dwell interval. Let â2
(i)
and φ̂2 denote the ith estimates. If a null symbol contains
interference, it can be expressed as zk0 = a2 gk (τ )ejφ2 + n0
and zk1 = a2 hk (τ )ejφ2 + n1 , where 1 ≤ k ≤ M . We
apply maximum-likelihood estimation for a2 and φ2 , requiring
maximization of
Λ(φ2 ) =
=

0
1
log P (z10 , z11 , z20 , z21 , ..., zM
, zM
|I, θ)

M
 2
Re{zk0 a2 gk e−jφ2 }
C1 +
N0
k=1

2
1
−jφ2
+
Re{zk a2 hk e
} .
N0

Since we are estimating the channel parameters before estimating xk and Ik , we let gk = hk = 12 , yielding
M


1
0
1
−jφ2
Λ(φ2 ) = C1 +
Re
(zk + zk )a2 e
,
N0
k=1
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(i)
0
1
which is maximized by φ̂2 = ∠ M
k=1 (zk + zk ) (i.e., the
M
0
1
angle of k=1 (zk + zk )).
(i)
Similarly, â2 can be found from
0
1
, zM
|I, θ)
Λ(a2 ) = log P (z10 , z11 , z20 , z21 , ..., zM

= C1 −

M
1  0
(|zk − a2 gk e−jφ2 |2
N0

+
= C1 −

1
N0

k=1
|zk1 −
M


a2 hk e−jφ2 |2 )

 02
|zk | + |zk1 |2 − 2 Re{zk0 a2 gk e−jφ2 }

k=1

− 2 Re{zk1 a2 hk e−jφ2 } + a22 gk2 + a22 h2k .
M
Taking gk = hk = 12 and φ2 = ∠ k=1 (zk0 + zk1 ) yields
M
M 2
1  0
Λ(a2 ) = C2 −
a +
(zk + zk1 ) a2 .
2N0 2 N0
k=1

M
1
0
1
= M
Thus, the maximizing value is
k=1 (zk + zk ) .
The overall estimate
of a2 is found as â2
=

(1) (2) (3)
max â2 , â2 , â2 . Then φ̂2 is set equal to the value of
(i)
â2

(i)

(i)

φ̂2 that corresponds to the maximum value â2 .
For the nonfading channel, the EM algorithm is used to
update θ in every iteration. However, for the Rayleigh fading
channel, we found that the EM algorithm often had a problem
distinguishing between the desired and interfering signals over
several iterations. We found that for the values of signal-tonoise ratio that give reasonable block error rates, the initial
estimate aˆ2 is sufficiently accurate that it can be fixed for all
iterations to avoid this problem. Thus, we apply this approach
for the Rayleigh fading channel results in this paper.
IV. S OFT D EMODULATOR AND D ECODER
As mentioned in Section III-A, the EM update equations
(7) and (8) require knowledge of the a posteriori probabilities
p(xk |y, θ  ) and p(Ik−1 , Ik |y, θ  ). These probabilities can be
found by utilizing the estimate for θ that is described in
Section III.
A. Soft Demodulator
In this section, we develop a trellis-based algorithm to calculate the probabilities of the desired and interfering symbols.
At this point in the estimation process, we do not utilize the
fact that the symbols are encoded by a forward error-correction
code. As explained in Section II, we design the estimator
for the case of at most one strong interferer in each dwell
interval. We also assume the number of punctured symbols
satisfies R << ND , so that it has little effect on the algorithm
described in this section.
As described in Section II and illustrated in Fig. 2, there
are three types of interference that can occur in a dwell
interval when a single strong interferer is present. The dwell
interval can be hit from the left, the right, or from both sides.
Because the interferer is asynchronous with the desired user,
each desired symbol may be hit with interference from two
consecutive interfering symbols. We refer to the earlier and

Fig. 4.

Trellis used in the BCJR algorithm for the soft demodulator.

later of the interfering symbols as the left and right interfering
symbols, respectively.
We use the trellis illustrated in Fig. 4 to estimate the
desired and interfering signals by taking advantage of the
asynchronous nature of the two signals. The receiver also uses
knowledge about the types of hits (left and right) to estimate
when the interference starts and stops. The trellis starts in
one of three states: S0 , S1 , or SX . When the desired frame
is hit from the left, the trellis will start at state S0 or S1 ,
corresponding to the value of the first left interfering symbol.
State SX corresponds to the event that the desired symbol is
not hit from the left. If the trellis is in state S0 or S1 , then the
dwell interval has been hit from the left, and the trellis can
transition to either state S0 or S1 if the next desired symbol is
hit by a left interfering symbol, or can transition to M1 when
the interference from the left terminates. The 2M states M1 to
M2M are states used to enforce the 2M null symbols that exist
between consecutive dwells. During these states, there is no
interference. Each state Mi , i = 1, 2, . . . , 2M −1 transitions to
state Mi+1 . State M2M transitions to either state E0 or E1 if
the interferer stays at the same frequency as the desired user,
or state M2M transitions to state EX if the desired frame is
not hit from the right. State SX transitions to state E0 or E1
if the desired frame is hit from the right, where E0 and E1
represent the events that the desired signal is hit by a right
interfering symbol at frequency f0 or f1 , respectively.
The branch input to the trellis is the interference symbol,
taking values from the set {X, 0, 1}, which stand for no
interference, interference symbol 0, and interference symbol
1, respectively. The trellis transitions to states corresponding
to its branch input. For example, a branch input of 0 brings
the trellis to one of the two states: S0 , E0 ; an input of 1 brings
the trellis to one the two states: S1 , E1 ; and an input of X
brings the trellis to one of the other 2M + 2 states.
This trellis representation can be used to calculate probabilities of the interference symbols as well as the desired symbols
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using the BCJR algorithm [21]. The branch metric γk (s , s)
for the branch connecting state s at time k − 1 to state s at
time k is

βND (s = Mi ) =

γk (s , s) = p(yk0 , yk1 , sk = s|sk−1 = s )

βND (s = EX ) =

= p(yk0 , yk1 |sk−1 = s , sk = s)p(sk = s|sk−1 = s )


 

0 1
=
p yk , yk |Ik−1 (sk−1 ) , Ik (sk ) , xk p(xk )
xk

× p(sk = s|sk−1 = s ).

p(yk0 , yk1 |Ik−1 (sk−1 ), Ik (sk ), xk = )

1
= exp − 2 (|yk0 − A2 gk (τ )|2 + |yk1 − A2 hk (τ )|2 + a21 )
2σ

a
1
× I0
|y − A2 Hk (τ, )| ,
2
σ
where Hk (τ, ) = gk (τ ) if = 0 and HK (τ, ) = hk (τ ) if
= 1. Here p(xk ) is the a priori probability for xk . In the
first iteration, we let p(xk = 0) = p(xk = 1) = 0.5. In future
iterations, we replace p(xk ) with the estimate for p(xk ) from
the output of the MAP decoder for the error-correcting code.
Unlike decoding with the BCJR algorithm, in which the
state transition probabilities p(sk+1 = s|sk = s ) represent
a priori probabilities for the information bits, are generally
taken to be equally likely, and are not a function of time, the
probabilities p(sk+1 = s|sk = s ) in our algorithm represent
probabilities of a symbol being part of a particular type of
hit, are not equally likely, and are a function of the time k.
For example, the symbols at the beginning of a dwell interval
(i.e., for small k) are more likely to be hit from the left by
MAI. On the other hand, the symbols at the end of a dwell
interval (i.e. for large k) are more likely to be hit from the
right by MAI. We provide details of the calculation of these
probabilities in the Appendix.
With the branch metric γ(s , s) known, the forward- and
backward-looking state probabilities, α(s) and β(s ) [21], can
be calculated as


αk (s )γk+1 (s , s), and





βk−1 (s ) =

s


βk (s)γk (s , s).

s

The initial values of α and β are the probabilities that the
trellis starts (ends) at each initial (terminal) state:

ND
,
ND + 2M


ND
1
,
α0 (s = SX ) = 1 −
F ND + 2M
α0 (s = Si ) =

1
2F



βND (s = Ei ) =
βND (s = SX ) =

(9)

Here I (s ) = 0 if s ∈ {S0 , E0 }, I (s ) = 1 if
s ∈ {S1 , E1 }, and I (s ) = −1 otherwise. The probability
p(yk0 , yk1 |Ik−1 (sk−1 ), Ik (sk ), xk ) is derived from (1) by integrating over φ1 , since we adopt noncoherent detection, which
yields

αk+1 (s) =

βND (s = Si ) = 0,

i = 0, 1
1
,
1 ≤ i ≤ 2M
F (ND + 2M )


1
1 ND − 2M
,
1−
F
F ND + 2M


ND
1
,
i = 0, 1
2F ND + 2M


1
1
1−
F
F


F (ND + 2M ) − (ND − 2M )
×
.
(ND + 2M )

The joint a posteriori probabilities for consecutive interference symbols are then easily calculated as

αk−1 (s )γk (s , s)βk (s), (10)
p(Ik−1 , Ik , y) = C
U{Ik−1 ,Ik }

where Ik ∈ {X, 0, 1}. U {Ik−1 , Ik } represents all pairs of
(s , s) that have Ik−1 , Ik as its branch output. C is a normalization constant to ensure that the probabilities sum to one.
The primary output of the soft demodulator is extrinsic
information about the transmitted symbol xk . The likelihood
function for the transmitted symbol xk is

p(yk0 , yk1 |xk , Ik−1 , Ik )p(Ik−1 , Ik ),
p(yk0 , yk1 |xk ) =
Ik−1 Ik

where we approximate the probabilities p(Ik−1 , Ik ) with
p(Ik−1 , Ik |y).
The output of the soft demodulator is
LLR(xk ) = log

where log[p(xk = 0)/p(xk = 1)] is the extrinsic information
coming from the decoder. Thus, the extrinsic information
produced by the soft demodulator is
Ledemod (xk ) = log

p(yk0 , yk1 |xk = 0)
.
p(yk0 , yk1 |xk = 1)

B. Soft Decoder
The soft demodulator produces symbol-wise estimates of
the transmitted symbol xk . This information can be further
improved by decoding the entire frame, which is coded
and interleaved so that symbols from dwell intervals with
interference are distributed throughout the coded frame. Here
we assume that the information is encoded with a rate 1/2
convolutional code. However, our technique easily extends
to other codes. In particular, this technique is particularly
appropriate for use with turbo and low-density parity-check
codes.
The decoder uses the extrinsic information generated in the
soft-demodulator as the branch metric in a BCJR algorithm
for the convolutional code,
(1)

i = 0, 1

p(xk = 0)
p(yk0 , yk1 |xk = 0)
+ log
,
p(yk0 , yk1 |xk = 1)
p(xk = 1)

(1)

(2)

(2)

γ k (s , s) = pk Ledemod (pk )/2 + pk Ledemod (pk )/2,
(1)

(2)

where pk and pk are the first and the second parity bit,
respectively, at time k. The soft decoder generates extrinsic
information for the transmitted symbols Ledecode(xk ), which is
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Fig. 5. Block error rate vs. Eb /N0 for different numbers of null bits at each
end of a dwell interval. Two users occupying ten frequency bands with SIR
=-6 dB.
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V. P ERFORMANCE R ESULTS
We simulated the performance of the proposed algorithm for
a fixed frame size of 1000 information bits encoded with a rate
1/2 convolutional code with constraint length 7 of maximum
free distance. The encoded bits are interleaved using a pseudorandom channel interleaver. Except where noted, we assume
that the frame is transmitted over 10 dwell intervals. The
channel is either a nonfading AWGN channel or a frequency
selective, slow Rayleigh fading channel. For the AWGN
channel, a1 , a2 are fixed for each signal-to-interference ratio
(SIR) and φ1 , φ2 are random variables that are uniformly
distributed on [0, 2π). For the Rayleigh fading channel, we
model A1 and A2 as complex Gaussian random variables that
are constant over each dwell interval and independent among
dwell intervals. For both channels, τ is uniformly distributed
on [0, T ). We assume that all of these parameters are unknown
at the receiver. We compare the performance of our algorithm
with a conventional BFSK system that uses the same system
parameters but does not perform interference mitigation at
the receiver. Except where noted, six iterations of the EM
algorithm are used.
Consider first the performance for a system in which each
dwell interval has interference from at most one user. For
this purpose, we use a simple system with two users in ten
frequency bands. We investigate the effect of the choice of
the number of null bits M that are used at the beginning and
end of each dwell interval and the number of bits that are
punctured from each interval at a signal-to-interference ratio
(SIR) of -6 dB. The results in Fig. 5 show the block error rate

−1

10
Block Error Rate

used in the next iteration of the channel estimation algorithm
and the soft demodulator. The soft decoder also generates
the a posteriori estimate for the information bits. We assume
that an error-detecting code has been applied by the higher
layers, and at each iteration of the algorithm we check the
error-detecting code to determine whether correct decoding
has occurred. If the packet has decoded correctly, then the
iterations are terminated.

−2
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EM, Gaussian channel
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Conventional, Rayleigh channel
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Fig. 7. Block error rate vs. SIR for two users occupying ten frequency
bands. For the AWGN channel, Eb /N0 = 10 dB, and for the Rayleigh
fading channel, Eb /N0 = 18 dB.

as a function of Eb /N0 for different numbers of null bits at
each end of a dwell interval. Increasing the number of null bits
improves the block error rate but reduces the overall spectral
efficiency. The results indicate that the performance begins
to saturate for more than four to six null bits. In all future
results, we use five null bits. The block error rate for different
number of punctured bits is shown in Fig. 6 at a SIR of -6 dB.
Puncturing more bits improves knowledge of the interferer’s
parameters but degrades the performance of the convolutional
code. The results show that for this scenario, two punctured
bits offers the best performance. We use two punctured bits
for all of the remaining results in this paper.
The block error rate in both AWGN and Rayleigh fading as
a function of SIR is shown in Fig. 7. For the AWGN channel,
Eb /N0 = 10 dB, and for the Rayleigh channel the average
bit energy-to-noise density ratio Eb /N0 is 18 dB. The results
show that the EM algorithm provides better performance
than the conventional receiver for all considered SIRs on the

8
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Fig. 9. Block error rate vs. Eb /N0 for two users occupying ten frequency
bands on a block-fading Rayleigh channel with different numbers of bits per
dwell interval. The average SIR is 0 dB.

Rayleigh channel and for SIRs smaller than 7 dB on the
AWGN channel. As the interference becomes stronger, the
performance gain of our algorithm becomes larger. For the
AWGN channel with an SIR larger than 7 dB, the performance
of our algorithm is a little bit worse than the conventional
algorithm. In this range, the interference is so weak that the
EM algorithm cannot accurately detect it and estimate its
parameters and thus actually makes the performance worse.
This performance difference can be removed by running the
conventional algorithm and checking the error-detecting code
before running our EM algorithm.
For the remaining results, we focus on the performance
of our algorithm on the Rayleigh fading channel. We further
investigate the choice of system parameters in Figs. 8 and 9.
In Fig. 8, we show the effects of the number of iterations of
the EM algorithm. There is little gain from using more than
four iterations in this scenario. We also investigate the effect

of varying the number of bits per dwell interval in Fig. 9. We
keep the frame length fixed at 1000 data bits, so the number
of dwell intervals per frame varies with the number of data
bits per dwell interval. It is expected that the performance
will be poor with too few bits per dwell interval because
the EM algorithm will not be able to accurately estimate the
parameters of an interferer without sufficient data. It is also
expected that the performance will be poor with too many
bits per dwell interval, as the system loses diversity against
the fading and interference. The results confirm this, showing
that the best performance is obtained with 20 dwell intervals
of 50 data bits per dwell interval. The block error rate is
shown in Fig. 10 as a function of Eb /N0 for average SIRs
of -12 dB, -6 dB, and 0 dB with Eb /N0 = 18 dB. The EMbased algorithm performs much better than the conventional
algorithm, reducing the block error rate by more than two
orders of magnitude in some cases and removing the error
floor that limits the performance of the conventional receiver.
We next consider a more practical system with multiple
users occupying 100 frequency bands. We vary the number of
users to evaluate the impact of our algorithm on the multipleaccess capability of the system. The results in Fig. 11 illustrate
the block error rate as a function of the number of users in the
system when the signals are received at an average Eb /N0 of
18 dB. We assume that all users are received with the same
average signal strength. The figure shows that our algorithm
allows far more users than the conventional algorithm, given
the same block error rate requirement. For instance, at a target
block error rate of 2 × 10−2 , the conventional system can
support only 2 users, whereas our EM interference mitigation
algorithm can support 19 users.
Finally, we investigate the performance of our system when
a frame is simultaneously hit by more than one interferer.
To generate the results in Fig. 12, we simulated 20 users in
100 frequency bands with Rayleigh fading and equal average
powers. We categorized the frames of one user based on the
maximum number of interferers that were present in any one
dwell interval of the frame. We then plotted the block error
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signal. The results show that on nonfading and Rayleigh fading
channels, the algorithm that we propose significantly improves
performance in the presence of strong interferers. For instance,
for a block Rayleigh fading channel with average Eb /N0 of
18 dB, average SIR of 0 dB, and target block error rate of
2 × 10−2 , our receiver structure can support 19 users in 100
frequency bands, whereas the conventional receiver can only
support 2 users.
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Fig. 11. Block error rate vs. number of users occupying 100 frequency bands
and Rayleigh fading channels for Eb /N0 = 18 dB, equal average received
powers for all users.
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In this Appendix, we calculate the state transition probabilities p(sk |sk−1 ) for the BCJR algorithm in the soft demodulator. The probability that the (k − 1)th dwell interval of
the interfering user occupies the same frequency band as the
desired user is 1/F . Since the 2M null symbols do not cause
interference, the probability that the first symbol of the desired
user is hit when they both occupy the same frequency band
is ND /(ND + 2M ). We assume that the interfering symbols
are equally likely to be 0 or 1. Thus, we have,
p(s0 = Si ) =

−1

1
2F



,

i = 0, 1
i = 0, 1

i = 0, 1; j = 0, 1

Then

−2

8



ND
ND + 2M
1
,
p(s0 = Si , s1 = M1 ) =
2F (ND + 2M )
1
p(s1 = M1 |s0 = S0 ) =
,
ND


1
1
1−
,
p(s1 = Sj |s0 = S0 ) =
2
ND

0

−3

9

p(s1 = Sj ) = p(s1 = Sj |s0 = S0 )P (s0 = S0 )
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Fig. 12. Block error rate vs. Eb /N0 for different numbers of maximum
interferers in any dwell interval of a frame. Results are for 20 users at equal
average received power occupying 100 frequency bands.

for j = 0, 1 and by repeatedly applying this approach,


1
1
1−
, i, j ∈ {0, 1}
p(sk+1 = Sj |sk = Si ) =
2
ND − k
Similarly,

rate as a function of Eb /N0 for each category in Fig. 12. The
results show that the performance of our algorithm is close to
that of a system with no interference when there is at most one
interferer in any dwell interval of a frame. The performance
degrades significantly for frames that experience simultaneous
hits by two or three interferers, but the performance is still
much better than the conventional receiver.
VI. C ONCLUSION
In this paper, we proposed an interference-mitigation algorithm for use with asynchronous frequency-hopping spread
spectrum systems that employ BFSK modulation. Our receiver
structure is based on the EM algorithm and decomposes the
detection problem into an iterative algorithm consisting of
channel estimation, soft demodulation, and soft decoding processes. The soft demodulator exploits the structure that comes
from the interference being asynchronous with the desired

p(sk+1 = M1 |sk = Si ) =

1
,
ND − k

i = 0, 1.

These probabilities match the intuitive notion that a hit from
the left is most likely to affect symbols at the beginning of
the dwell interval. As time moves further into the trellis, the
probability that the dwell interval continues to be hit from the
left decreases.
As previously discussed, the transitions between the null
states are deterministic, so p(sk+1 = Mi+1 |sk = Mi ) = 1,
for i = 1, 2, . . . , 2M −1. The probability that the dwell interval
is hit from the right is 1/F , so
p(sk+1 = EX |sk = M2M ) = 1 −
1
,
2F
1
= Ej |sk = Ei ) = ,
2

p(sk+1 = Ei |sk = M2M ) =
p(sk+1

1
,
F
i = 0, 1
i = 0, 1; j = 0, 1.
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The calculation of p(sk+1 = SX |sk = SX ), p(sk+1 =
E0 |sk = SX ) and p(sk+1 = E1 |sk = SX ) are more complicated and deserve further explanation. The joint probability
function p(sk = Sx , sk+1 = Ei ) for i = 0, 1 have different
expressions on two separate intervals. When k < 2M , it
amounts to the probability of being hit from the right at the
kth symbol; when k ≥ 2M , it amounts to the probability of
avoiding hit from the left but being hit from the right at the
kth symbol,

1
,
k < 2M
p(sk = Sx , sk+1 = Ei ) = F (ND +2M)
1
1
(1 − F ) F (ND +2M) , k ≥ 2M
for i = 0, 1. Once we have the joint probability, we can
calculate the conditional probability p(sk+1 = Ei ) by dividing
the joint probability by the marginal probability p(sk = Sx ),
p(sk+1 = Ei |sk = SX )

=

1
1
2 F (ND +2M)−ND −k ,
1
1
2 F (ND +2M)−(k−2M) ,

0 ≤ k < 2M
2M ≤ k ≤ ND

for i = 0, 1. Then
p(sk+1 = SX |sk = SX )

1
1 − F (ND +2M)−N
,
0 ≤ k < 2M
D −k
=
1
1 − F (ND +2M)−(k−2M)
, 2M ≤ k ≤ ND .
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